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The energy and photoluminescence spectra of a two-dimensional electron gas in the fractional quan- 
tum Hall regime are studied. The single-particle properties of reversed-spin quasielectrons (QEr's) 
as well as the pseudopotentials of their interaction with one another and with Laughlin quasielectrons 
(QE's) and quasiholes (QH's) are calculated. Based on the short-range character of the QEr-QEr 
and QEr-QE repulsion, the partially unpolarized incompressible states at the filling factors v = ^j- 
and are postulated within Haldane's hierarchy scheme. To describe photoluminescence, the fam- 
ily of bound /i(QEr,)„ states of a valence hole h and n QEr's are predicted in analogy to the found 
earlier fractionally charged excitons hQE„. The binding energy and optical selection rules for both 
families are compared. The /iQEr is found radiative in contrast to the dark hQE, and the /i(QEr)2 
is found non-radiative in contrast to the bright /1QE2. 
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I. INTRODUCTION 

The integer!! and fractionail~i quantum Hall effects 
(IQHE and FQHE) both depend on the finite gap A for 
charge excitations that opens in a two-dimensional elec- 
tron gas (2DEG) at the specific (integral or fractional) 
filling factors v, defined as the number of electrons N 
divided by the Landau level (LL) degeneracy g. At suf- 
ficiently low temperatures, this gap makes the system 
incompressible and, among other effects, forbids electric 
conductance and causes quantization of Hall resistivity. 

It is quite remarkable that the most prominent FQH 
states, so-called Laughlin ground statescl that occur at 
v = (2p + (p is an integer), are the only ones that 
are maximally spin-polarized solely due to the electron- 
electron exchange mteeaction. At other filling factors, 
the 2DEG is knownETtLII to be at least partially unpolar- 
ized unless the Zeeman energy Ez is sufficiently large. 
Only partial polarization of the FQH states at the fillioa 
factors other than v = (2p + 1) _1 causes transitionsEj 
between incompressible and compressible or different in- 
compressible phases as, a function of Ez, realized in tilted- 
field experiments.E3ii3 The finite excitation gap A of the 
Laughlin state results from the finite energies e of its 
elementary charge excitations, Laughlin quasielectrons 
(QE's) and quasiholes (QH's), as well as from the lack of 
the particle-hole symmetry between them that causes a 
magneto-roton type of dispersion of the QE-QH interac- 
tion with a minimum at a finite wave vector k. Indeed, 
the calculatedllZrEHl energy £qe + £qh needed to create 
a spatially separated QE-QH pair necessary for electric 



current agreed reasonably well with the activation en- 
ergy obtained from the temperature dependences of the 
FQHE at v = (2p + l)" 1 . 

Therefore, it was-ouite surprising when RezayiEj and 
Chakraborty et al.cJ discovered that another low-energy 
excitation of the Laughlin state exists, a spin-density 
wave, which becomes gapless at Ez = 0. It turns out 
that it is only due to a finite Zeeman energy that the 
spontaneous creation of spin waves, each consisting of a 
positively charged QH and a negatively charged reversed- 
spin quasielectron (QEr), does not destroy incompress- 
ibility of Laughlin states in the experimental 2DEG sys- 
tems. Although the spin excitations of Laughlin states 
have been extensively studied in the-coatext of the real- 
space spin patterns called skyrmion£3'El (particularly at 
v = 1), our knowledge of their interaction with one an- 
other or with other excitations, or their optical properties 
is not yet complete (specially at fractional v) . In this pa- 
per we address both of these issues. 

First, we identify QE, QH, and QEr as the three ele- 
mentary quasiparticles (QP's) of a Laughlin state and dc- 
termine-their mutual interaction pseudopotentials V(1Z), 
definedE3 as the dependence of the pair interaction en- 
ergy V on the relative pair angular momentum 1Z. For 
example, the QEr-QEr pseudopotential is found to be 
very different from the QE-QE pseudopotential at short 
range, which is the reason for incompressibility of a par- 
tially polarized v = ^j- state at low Ez (in contrast 
to the compressiblaHJ fully polarized state at the same 
v). A partially polarized v = jy slate has been also re- 
cently proposed by Park and Jair£3 within a composite 
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(CF) model. However, their interpretation 
of the v = ji as a mixed state of CF's with two and 
four attached vortices (fluxes) is not very accurate in a 
sense that the two additional vortices (fluxes) attached to 
each spin-reversed CF are not vortices of the many-body 
wave function expressed in terms of the same coordinates 
(fluxes of the same effective magnetic field) as the orig- 
inal two attached to each electron (to form CF's). The 
correct interpretation necessarily involves reapplication 
of the CF transformation to some of the original CF's 
(those in a partially filled reversed-spin LL), in-aaalogy 
to the CF hierarchy proposed by Sitko et alp 'E3 and 
essentially equivalentnZl to Haldane's hierarchy]!!! Let us 
stress that it is the short range of the QEr-QEr re- 
pulsion shown here that justifies application of Haldane 
hierarchy to QEr's (or, equivalently, spin-reversed CF's). 

Second- hx analogy to the fractionally charged excitons 
(FCX's)a't3 consisting of a number of QE's of a spin- 
polarized 2DEG bound to a valence-band hole h, we dis- 
cuss the possible formation and radiative recombination 
of similar complexes denoted as FCXr's and containing 
one or more QEr's bound to a hole. We find that differ- 
ent optical selection rules for FCX's and FCXr's could 
allow optical detection of QEr's in the 2DEG without 
need for direct polarization measurement. 

II. MODEL 

The properties of spin-reversed quasielectrons (QEr) 
are studied by exact numerical diagonalization in an ideal 
2DEG with zero width and no disorder. The magnetic 
field B is assumed to be sufficiently large (the cyclotron 
energy ftio c oc B much larger than the interaction en- 
ergy scale e 2 /A cx \AB, where A is the magnetic length) 
that only the lowest LL need be considered. In order to 
describe an infinite planar system with 2D translational 
symmetry in a finite-size calculation we use Haldane's 
spherical geometryEH in which the (finite) LL degener- 
acy 9 — 2S* + 1 is controlled by the strength 2S of the 
magnetic monopole placed in the center of the sphere of 
radius R. The monopole strength 2S is defined in the 
units of flux quantum 0o = he/ e, so that 4irR 2 B = 2S<fio 
and R 2 = SX 2 . The single-particle states-cm a sphere 
\S, I, m) are called monopole harmonics .EZfEiltj They are 
eigenstates of length I and projection m of angular mo- 
mentum and form LL's labeled by n = I — S, analogous 
to those of planar geometry. The lowest LL included in 
the present calculation has n — and I — S, and its 
orbitals are simply denoted by \m) with \m\ < S. The 
electronic spin is included in the model by adding a quan- 
tum number a denoting the projection of spin. As usual, 
the Zeeman term is taken as Ez oc Bo to avoid an un- 
physical spin-orbit coupling resulting for Ez cx Ba and 
for a heterogeneous (radial) magnetic field on a sphere. 

The many-electron interaction Hamiltonian reads 

H ee = ^ ff 4 t , CT ,c m3CT 'C m4ff {m 1 m 2 \V ee \m z m A ) , (I) 



where operators c\ n(J and c ma create and annihilate an 
electron in the state \ma), the summations go over all 
orbital and spin indices, and the two-body interaction 
matrix elements are calculated for the Coulomb potential 
^ee(^) — e 2 /r. Hamiltonian H ee is diagonalized in the 
basis of iV-electron Slater determinants 

\miai . . . m N a N ) = cJ niCT1 . . . c\ nN(JN |vac) , (2) 

where I vac) stands for the vacuum state. While using 
basis (||) allows automatic resolution of two good many- 
body quantum numbers, projection of spin ( J z — ^2 ai) 
and angular momentum (L z = ^m;), the other two, 
length of spin (J) and angular momentum (L), are re- 
solved numerically in the diagonalization of each appro- 
priate (J Z ,L Z ) Hilbcrt subspace. 

In order to describe the reversed-spin fractionally 
charged exciton (FCXr) states, a single valence-band 
hole h is added to the model iV-electron system. Since, as 
for FCX's, the formation of FCXr states requires weak- 
ening of the electron-hole -attraction compared to the 
electron-electron repulsion,E3 the hole is placed on a par- 
allel plane, separated by a distance d (of the order of A) 
from the 2DEG. Because the physics of an isolated FCX 
or FCXr to a good approximation does not depend on 
the (possibly complicated) structure of the valence band, 
the single-hole wave functions are taken the same as for 
electrons (except for the reversed signs of m and a). This 
means that both inter-LL hole scattering and the mixing 
between heavy- and light-hole subbands are ignored. The 
weak electron-hole exchange is also neglected so that the 
hole spin has no effect on the dynamics of an FCX or 
FCXr, and the interaction of a hole with the 2DEG is 
described by the following spin-conserving term 

{m 1 m 2 \V eh \m ? ,m±) (3) 

in the total Hamiltonian H = H ee + H e h- In the above, 
operators and h m create and annihilate a hole in 
the orbital |m) of the valence band, and the electron- 
hole interaction is defined by the Coulomb potential 
V e h(r) — —e 2 /V r 2 + d 2 . The exclusion of the hole-hole 
interaction effects from H reflects the fact that Vh <C v. 
Interaction Hamiltonian H is diagonalized in the basis of 
single-particle configurations 

\miai . ..m N cj N -m h ) = c|„ 1(Jl ■ ■■c\ nNaN h\ rlh |vac) , (4) 

and the set of good quantum numbers labelling many- 
electron-one-hole eigenstates includes J z and J of the 
electrons, hole spin (omitted in our equations), and 
the length (L) and projection (L z ) of angular momentum 
of the total electron-hole system. 

The justification for using Haldane's spherical geom- 
etry to model an infinite planar 2DEG (with or with- 
out additional valence holes) relies on the exact map- 
ping between the orbital numbers L and L z and the two 
good quantum numbers on a plane (resulting from the 2D 
translational symmetry), angular momentum projection 
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M. and an additional angular momentum quantum num- 
ber K, associated with partial decoupling of the center- 
of-mass motion of an-electron-hole system in a homoge- 
neous magnetic field.EHH This mapping guarantees cor- 
rect description of such symmetry-dependent effects as 
degeneracies in the energy spectrum or the optical selec- 
tion rules (associated with conservation of Ai and K. or L 
and L z in the absorption or emission of a photon). The 
energy values obtained on a sphere generally depend on 
the surface curvature, that is on R/X = VS. However, 
for those energies that describe finite-size objects (such 
as QEr or FCXr studied here) or their interaction at a 
finite range (here, pseudopotential parameters for inter- 
action of QEr with other particles), the values character- 
istic of an infinite planar system can be estimated from 
the calculation done for sufficiently large 2S and N (or 
extrapolation of finite-size data to the 25 — > oo limit). 

III. SPIN-REVERSED QUASIELECTRONS: 
RESULTS AND DISCUSSION 

A. Stability and Single-Particle Properties 

It is well-known that even in the absence of the Zee- 
man energy gap, Ez = 0, the ground state of the 2DEG 
in the lowest LL is completely spin-polarized at the pre- 
cise values of the Laughlin filling factor v = (2p + 1) _1 , 
with p = 0, 1, 2, .... There are two types of elementary 
charge-neutral excitations of Laughlin v = (2p + 1) _1 
ground states, carrying spin E = or 1, respectively. 
Their dispersion curves (energy as a function of wave 
vector), £s(fc), have been studied for all combinations 
of p and E. While the formulae for thfir^i = 1 ground 
state have been evaluated analyticallyJ^JT-d in Fig. [j] we 
present the exact numerical results for v = i obtained 
from our exact diagonalization of up to N — 11 elec- 
trons on Haldane's sphere. As an example, in Fig. |l](a), 
we show the entire low-energy spectrum of an N = 9 
system with all spins polarized and with one reversed 
spin (Hilbcrt subspaces of total spin J — ~ £ = § 
and | for E = and 1, respectively), from which the 
dispersion curves are obtained. The energy E 

is plotted as a function of angular momentum L, and 
25 = 3(N — 1) = 24 is the strength of the magnetic 
monopole inside Haldane's sphere corresponding to the 
LL degeneracy g — 25 + 1 = 25 and the Laughlin filling 
factor v = (N - l)/(g - 1) = \ (for the details of Hal- 
dane's spherical geometry see Refs. |l7| , ^T| , p6[ ) . The energy 
E does not include the Zeeman term Ez , which scales dif- 
ferently than the plotted Coulomb energy with the mag- 
netic field B. The excitation energies £s = E—Eq (where 
Eq is the Laughlin ground state energy) have been cal- 
culated for the states identified in the finite-size spec- 
tra as the E = charge-density wave and the E = 1 
spin-density wave. These states are marked with dotted 
lines in Fig. |l](a) . The values of £s obtained for differ- 
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FIG. 1. (a) The energy spectrum (Coulomb energy E ver- 
sus angular momentum L) of the system of N = 9 electrons on 
Haldane sphere at the monopole strength 2S = 3(N — 1) = 24. 
Black dots and grey diamonds mark states with the total spin 
J — |iV = | (maximum polarization) and J — — 1 — f 
(one reversed spin), respectively. Ground state is the Laugh- 
lin v — i state. Lines connect states containing one QE-QH 
(J = |) or QEr-QH (J = |) pair, (b) The dispersion curves 
(excitation energy £ e = E — Eq versus wave vector k) for 
the E = charge-density wave (QE-QH pair) and the E = 1 
spin-density wave (QEr-QH pair) in the Laughlin v = | 
ground state, calculated in the systems of N < 11 electrons 
on Haldane sphere. A is the magnetic length. 

ent N < 11 have been plotted together in Fig. EVb) as 
a function of the wave vector k = L/R = (L/VS)X~ 1 . 
Clearly, using the appropriate units of A -1 for wave vec- 
tor and e 2 /A for excitation energy in Fig. 0(b) results in 
the quick convergence of the curves with increasing N, 
and allows accurate prediction of the dispersion curves 
in an infinite system, as marked with thick lines. The 
most significant features of these curves are: (i) the fi- 
nite gap Ao ~ 0.076 e 2 /A and the magneto-roton mini- 
mum k « 1.5A -1 in £o(k), and (ii) the vanishing of £\{k) 
in the k —> limit (for E z = 0). 

The similar nature of the charge- and spin-waves in 
the v = | state to those at v = lJiep-at the heart of 
the composite fermion (CF) picturej2j~Eil in which these 
excitations correspond to promoting one CF from a com- 
pletely filled lowest (n = 0) spin- J. CF LL either to the 
first excited (n = 1) CF LL of the same spin Q) or to 
the same CF LL (n = 0) but with the reversed spin (|). 
The three constituent QP's from which the charge- and 
spin- waves are composed: a hole in the n — spin-j CF 
LL and particles in the n = 1 spin-| and n = spin-f 
CF LL's, are analogous to those in the electron LL's from 
which the charge- and spin- waves at v = 1 are built. 

Independently of the CF picture, one can define three 
types of QP's (elementary excitations) of the Laughlin 
v = | fluid. They are Laughlin quasiholes (QH's) and 
quasielectrons (QE's) and Rezayi spin-reversed quasielec- 
trons (QEr). The excitations in Fig. [l] are more com- 
plex in a sense that they consist of a (neutral) pair of 
QH and either QE (E = 0) or QE R (E = 1). Each of 
the QP's is characterized by such single-particle quan- 
tities as (fractional) electric charge (Qqh = +\ e an d 
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FIG. 2. (a) The energy spectrum (Coulomb energy 
E versus angular momentum L) of the system of TV = 9 
electrons on Haldane sphere at the monopole strength 
2S — 3(TV — 1) — 1 = 23. Black dots and grey diamonds mark 
states with the total spin J = |TV = | (maximum polariza- 
tion) and J — t?TV — 1 = | (one reversed spin), respectively. 
Ground state at J = | is the reversed-spin quasielectron QEr 
of the Laughlin v = | fluid, and the lowest-energy state at 
J = | is the Laughlin quasielectron QE. (b) The energies 
e of all three types of quasiparticles of the Laughlin v = | 
ground state (QH, QE, and QEr ) calculated in the systems of 
TV < 11 electrons on Haldane sphere and plotted as a function 
of TV -1 . The numbers give the results of linear extrapolation 
to an infinite (planar) system. A is the magnetic length. 



added to each value in Fig. ||(b). The linear extrapola- 
tion of £qp(TV) to TV -1 — > gives £ QE = 0.0737 e 2 /A, 
£qer = 0.0457 e 2 /A, and £ QH = 0.0258 e 2 /A. The 
energies of spatially separated QE-QH and QEr-QH 
pairs (activation energies in transport experiments) are 
hence equal to £o(oo) = £qe + £qh = 0.0995 e 2 /A and 
£i(oo) = £qer + £qh = 0.0715 e 2 /A. 

While the QH's are the only type of QP's that occur 
in low-energy states at v < (2p + the QE's and 

QE R 's are two competing excitations at v > (2p + l)~r-i 
As pointed out by RezayiEil and Chakraborty et al.,a 
whether QE's or QEr's will occur at low energy depends 
on the relation between their energies including the Zee- 
man term, £qe and £qer + Ez . Although it is difficult to 
accurately estimate the value of Ez in an experimental 
sample because of its dependence on a number of factors 
(material parameters, well width w, density g, magnetic 
field B, etc.), it seems that both scenarios with QE's and 
QEr's being lowest-energy QP's are possible. For ex- 
ample, using the bulk value for the effective <7*-factor in 
GaAs (dEz/dB = 0.03 meV/T) results in the QE R -QE 
crossing at B — 18 T, while including the dependence of 
g* on w and B as described in Ref. |4^ makes QEr more 
stable than QE up to B ~ 100 T. 



Qqe = Qqer = -^e), energy e QP , or degeneracy g QP of 
the single-particle Hilbert space. On Haldane's sphere, 
the degeneracy gQp is related to the angular momentum 
^QP by 5q P = 2/qp + 1, with / QH = ?qer = 5* and 
^qe =S*-1 and 25* = 25- 2(TV- 1) being the effective 
monopole strength in the CF model. 

The energies £qp to create an isolated QP of each type 
in the Laughlin ground state have been previously esti- 
mated in a number of ways. Here, we present our results 
of exact diagonalization calculation for TV < 11 (£q E and 
£qh) and TV < 10 (eqer)- In Fig. |](a) we show an ex- 
ample of the numerical energy spectrum for the system 
of TV = 9 electrons, in which an isolated QE or QEr 
occurs at 25 = 3(TV — 1) — 1 = 23 in the subspace of 
J = |iV = | and J=|TV— 1 = |, respectively. Both of 
these states have been identified in Fig. g(a). Tp-estittLate 
£qe and £qer, we use the standard procedure^TES'E] to 
account for the finite-size effects (dependence of A on 25, 
5A 2 = R 2 ), and express the energies E of Fig. ||(a) 



the units of e 2 /A with A appropriate for v = |, before 
subtracting from them the Laughlin ground state energy 
of Fig. [1(a). Plotting the results for different values of TV 
in Fig. [2(b) as a function of TV -1 allows the extrapolation 
to an infinite system, with the limiting values of £qe = 
0.0664 e 2 /A and £ QE r = 0.0383 e 2 /A (with the difference 
£qe — £qer = 0.0281 e 2 /AriH remarkable agreement with 
Rezayi's original estimatec2l based on his numerics for 
TV < 6). For completeness, we have also plotted the QH 
energies, which extrapolate to £qh = 0.0185 e 2 /A. Note 
that to obtaip,,tlip-so-called "proper" QP energies in a 
finite system,BEE3 £ QP (TV), the term Qq P /2R must be 



B. Interaction with Other Quasiparticles 

Once it is established which of the QP's occur at low 
energy in a particular system (defined by g, w, B, v, etc.), 
their correlations can be understood by studying the ap- 
propriate pair interaction pseudopptentialsaSHcj The 
pseudopotential V(1Z) is defined 2 !] as the dependence of 
pair interaction energy V on relative orbital angular mo- 
mentum 1Z. On a plane, 1Z for a pair of particles ab 
is the angular momentum associated with the (complex) 
relative coordinate, z — z a — Zb- On Haldane's sphere, 
the compatible definition of 1Z depends on the sign of 
QaQb- for a pair of opposite charges, 1Z is the length of 
total pair angular momentum, L = |l a + l{,|, while for two 
charges of the same sign, 1Z = l a + h — L. In all cases, 
1Z > and l&Eger 1Z corresponds to a larger average ab 



separation.! 



Furthermore, only odd values of 1Z are 



allowed for indistinguishable (a = b) fermions. 

Since the QE-QH and QEr-QH pseudopotentials have 
been plotted in Fig. |l| (Vqe-qh = £q and Vqer-qh = 
£i), and the QE-QE and QH-QH pseudopotentials can 
be found for example in Ref. ^7], we only need to discuss 
Vqer-qer and Vqe-qer- Two QEr's occur in an TV- 
electron system with at least two reversed spins (J < 
iTV - 2) and at 25 = 3(TV - 1) - 2 (i.e., at g = g - 2 
where go corresponds to the Laughlin state) . An example 
of the energy spectrum is shown in Fig. H(a) for TV = 8 
at 25 = 19. The lowest-energy states in the subspaces of 
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3, and tjTV- 



2 are connected 



with dashed lines and contain a QE-QE, QE-QEr,, and 
QEr-QEr pair, respectively. The angular momenta L 
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FIG. 3. (a) The energy spectrum (Coulomb energy 
E versus angular momentum L) of the system of TV = 8 
electrons on Haldane sphere at the monopole strength 
2S — 3(TV — 1) — 2 = 19. Black dots, grey diamonds, and open 
circles mark states with the total spin J = |TV = 4 (maxi- 
mum polarization), J = iTV — 1 = 3 (one reversed spin), and 
J — iJV — 2 — 2 (two reversed spins), respectively. Lines 
connect states containing one QE-QE (J = 4), QE-QEr 
(J = 3), or QEr-QEr (J = 2) pair, (b) The pseudopoten- 
tials (pair energy V versus relative angular momentum TV) of 
the QEr-QEr interaction calculated in the systems of TV < 9 
electrons on Haldane sphere. A is the magnetic length. 



that occur in these bands result from addition of Iqe 
and/or 1q E r (with l QE = S*+l — | and Z QER = S* = §). 
For identical fermions, the addition must be followed by 
antisymmctrization that picks out only odd values of 1Z 
for the QE-QE and QEr-QEr pairs. 

An immediate conclusion from Fig. ||(a) is that the 
maximally spin-polarized (J = \N) system is unstable 
at the filling factor close but not equal to the Laughlin 
value of v = | (the actual spin polarization decreases 
with decreasing Ez , and J ~ for Ez = 0). This was 
first pointed out by RezayiE3 and interpreted in terms 
of an effective attraction between S = 1 spin- waves; in 
this paper we prefer to use charged QP's as the most 
elementary excitations and explain the observed ordering 
of different J-bands by the fact that £q E ^ £qer (at 
Ez = 0, £qe — £qer ~ 0.0281 e 2 /A) and the particular 
form of involved interaction pseudopotentials (see further 
in the text). 

We have calculated the QE-QEr and QEr-QEr pseu- 
dopotentials from the energy spectra as that in Fig. ||(a) 
by converting L into 1Z and subtracting the Laughlin 
ground state energy and the energy of two appropri- 
ate QP's from the total TV-electron energy, Vab = 
E(L) — Eq — ea — £b- To minimize the finite-size ef- 
fects, all subtracted energies are given in the same units 
of e 2 /Ao, where Ao = R/y/So corresponds to 2 So = 
3(TV — 1), i.e., to v = i. The result for Vqer-qer and 
TV < 9 is shown in Fig. |](b). Clearly, obtained values of 
^QEr-qer(^) still depend on N and, for example, the 
positive sign characteristic of repulsion between equally 
charged particles is only restored in the TV -1 — > limit 
with Vqer-qer(I) of the order of 0.01 e 2 /A (compare 
with discussion of the signs of Vqe-qe and Vqh-qh m 
Rcf. [l4|). However, it seems that the monotonic char- 
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FIG. 4. (a) The energy spectrum (Coulomb energy 
E versus angular momentum L) of the system of TV = 9 
electrons on Haldane sphere at the monopole strength 
2S = 3(TV — 1) — 2 = 22. Black dots and grey diamonds 
mark states with the total spin J = ^TV = | (maximum po- 
larization) and J = iN — 1 = 1 (one reversed spin), respec- 
tively. Lines connect states containing one QE-QE (J = |) 
or QE-QEr (J = |) pair, (b) The pseudopotentials (pair en- 
ergy V versus relative angular momentum TV) of the QE-QEr 
interaction calculated in the systems of TV < 10 electrons on 
Haldane sphere. A is the magnetic length. 



acter of Vqer-qer(^) is independent of TV. More im- 
portantly, Vqer-qer ftf^fpia super-linear function of 
L(L + 1). This impliesE3£3[3 Laughlin correlations and 
incompressibility at ^qer = (2p + in analogy to 

the spin-polarized Laughlin— states of QE's or QH's in 
Haldane's hierarchy pictureO'EZI The most prominent of 
QEr Laughlin states, i^qer = |, corresponds to the 
electronic filling factor of v = -A- and the 75% spin 
polarization LI — jN). Since the z^qe = |_.state is 
compressible ,E3 the experimental observationcJ of the 
FQHE at v = seems to prove the formation of QEr's 
in the v = | state without need for direct measurement 



of spin polarization. The expected critical dependence of 
the excitation gap at v = ^j- on the Zeeman gap Ez might 
be revealed in tilted-field experiments. This dependence 
will be very different than at some other fractions. For 
example, the fact that incompressibility at v = g can 
be a result of either maximally spin-polarized ^q E = 1 
or completely spin-unpolarized (J — 0) ^qer = 1 state 
gives rise to FQHE at this filling in both small and large 
Ez regime. On the other hand, spin-unpolarized FQHE 



is not expected in the j < v < -_, 
reversed QH's in the v — \ state 



states (corresponding 
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range (because spin- 
o not exist), and the 
2 A to f QH = \ and i) 



should remain incompressible and compressible, respec- 
tively, over a wide range of Ez- 

The QE-QEr pseudopotentials were calculated from 
similar spectra as that of J = 3 in Fig. ||(a). As an- 
other example, in Fig. |4|(a) we show the spectrum for 
TV = 9, in which only two values of J = ^TV = | and 
ijTV — 1 = | have been included. The lowest energy 
states in these two J-subspaces (connected with dashed 
lines) contain a QE-QE and QE-QEr pair, respectively. 
Using the same procedure as for Vqer-qer, we have cal- 
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culated Vqe-qer^)- The results for N < 10 are pre- 
sented in Fig. |(b). As for Vqe-qer in Fig. |(b), the 
values of Vqe-qer(7?-) calculated in a finite system de- 
pend on N. The values extrapolated to the A -1 — * 
limit are also similar, with Vqe-qer(O) — > 0.015 e 2 /A 
and ^ qe _qer(1) -> 0.01 e 2 /A. 

Despite finite-size errors, the comparison of the curves 
for N < 10 is sufficient to notice quite different be- 
havior of Vqe-qer(^) from both Vqer-qerCK) and 
Vqe-qe(7£). Two important features of the Vqe-qer 
pseudopotential can be established: (i) the QE-QEr re- 
pulsion is relatively strong at 1Z < 1 (short range) and 
saturates at larger 7Z, and (ii) Vqe-qer is super-linear 
in L(L + 1) only at 1 < TZ < 3, but sub-linear at 
< 1Z < 2 and atr-ia*aec 1Z. As a consequence, the 
short-range criterionE3E3u3 applied to Vqe-qer yields 
Laughlin correlations for QE-QEr pairs only at m = 2. 
The term "Laughlin correlations" used here is generally 
definedE3c3o as a tendency to avoid pair states with 7Z 
smaller than certain m. At v < m , these correlations 
are described by a Jastrow prefactor fj i . (xi — Uj) m in the 
many-body wave function (x and y are complex QE and 
QEr coordinates, respectively). 

Although it is not clear if QE's and QEr's could 
coexist in the v — -| "parent" state in an experi- 
mental system (such mixed state would be sensitive to 
the value of Ez), one can ask if such two-component 
QE-QEr plasma could also be incompressible. This 
questipn. can be answered within the generalized CF 
modeEj'CJ for all allowed combinations of Jastrow expo- 
nents [mQE-QE,TOQ E R-QER,TOQE-QER]- In this model, 
the reduced (effective) LL degeneracies of QP's are given 

by^QE = 5QE-(m QE -QE-l)(A^QE-l)-"lQE-QERA r QER 

and 5qer = 5QER - (wqer-qer - 1)(-/Vq E r ~ 1) ~ 
^QE-qerAqe, and the incompressibility condition is 
Aqp = 3q P for both QE's and QEr's. In the above, 
g is the LL degeneracy of electrons and Nqp denotes the 
number of QP's of each type. It turns out that because 
the three involved QP pseudopotentials are not generally 
super- linear in L(L + 1), only few combinations of expo- 
nents [toq E -qe,toqer-qer,toqe-qer] are allowed, and 
of those only [1,1,2] satisfies the incompressibility condi- 
tion. The hypothetical [1,1,2] state of the QE-QEr fluid 
corresponds to v = and 80% polarization (J = ^ A). 
Finite realizations of this state on Haldane's sphere oc- 
cur for N = 5q + 4 (q > 1) at 25 = 13q + 7, and have 
Aq E = q and Aq E r = q + 2, which yields J = \q. 

C. Optical Properties 

Once the single-particle energies e and the two-particle 
interaction pseudopotentials V(1Z) of all three types of 
QP's have been calculated, let us now turn to their opti- 
cal properties. The effect of QE's on the photolumines- 
cence (PL) spectrvm^Qf the Laughlin fluid has been stud- 
ied in great detail.EjO The crucial facts are: (i) The PL 



spectrum can be understood in terms of QE's and their 
interaction with one another and with a valence-band 
hole (h) only in the "weak-coupling regime" in which the 
electron-electron repulsion is sufficiently weak compared 
to the electron-hole attraction; this is realized in "asym- 
metric" structures in which the electron and hole layers 
are separated by a finite distance d (of the order of A), 
(ii) In this regime, a positively charged h can bind one or 
two QE's to form "fractionally charged excitons" (FCX), 
hQE or /1QE2. (iii) The 2D translational invariance re- 
sults in orbital selection rules for the radiative recombi- 
nation of FCX's; it turns out that the only bright states 
are /iQE* (an excited state of the dark /iQE) and /1QE2. 

In analogy, we expect that a valence hole h could also 
form bound states with one or more QEr's, denoted 
by FCXr. However, unlike for FCX's, the stability of 
FCXr complexes should depend on the Zeeman energy, 
the binding of more than one QEr should be more dif- 
ficult due to the stronger QEr-QEr repulsion, differ- 
ent angular momenta of QE and QEr should result in 
different optical selection rules of FCXr, and the pos- 
sible annihilation of a hole with a reversed-spin electron 
should cause different polarization of FCXr emission. To 
study the possible binding of FCXr's we begin with the 
/i-QEr pseudopotential, shown in Fig. ||(a) for a 7e-h 
system in which a hole interacts with N = 7 electrons 
and for a few different values of d/X. The values of 
25 = 3(A - 1) - 1 = 17 and J = ±N - 1 = § are chosen 
so that one QEr is present in the Laughlin v — | state 
and interacts with the hole. In the CF picture of this 
configuration, 25* = 25 - 2(A - 1) = 5 so that six CF's 
fill completely the lowest CF LL of g* = 25* + 1, leaving 
the seventh CF in the reversed-spin LL. The filled LL 
is incompressible, and only the single reversed-spin CF 
(i.e., QEr) correlates with the hole. The V^_qer is plot- 
ted as a function of the pair angular momentum whose 
values (6 < L < 11) result from addition of 1^ = S and 
Zqer = 5*. To ensure that exactly one QEr is present 
in the Laughlin fluid and interacts with the holej-at an 
arbitrary (small) value of d, a special procedures has 
been used in which the electric charge of the hole is re- 
duced to e/e <§; e. Clearly, the decrease of V^_qer with 
a decrease of L (average /i-QEr separation) indicates h— 
QEr attraction. The strength of this attraction, that 
is the binding energy A^qer ~ \Vh-QER(lh - 'qer)|, de- 
pends on d and is similar to A^qe; compare with Ref. |3^. 
Therefore, in analogy to the QE case, we expect that 
bound /iQEr states will occur in a system containing free 
QEr's at the values of d at which A^qe and A^qer is 
smaller than the Laughlin gap to create additional QE- 
QH pairs (note that since the projection J z of the total 
electron spin is conserved at any d, FCX or FCXr does 
not couple to virtual QEr-QH excitations). 

In order to verify the above hypothesis, we have cal- 
culated the 7e-h energy spectra with up to one reversed 
spin ( J = ±N = I and J = ±A - 1 = §). The re- 
sults for d/X = 0, 1.5, and 4 are presented in Fig. ||(bcd). 
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FIG. 5. (a) The pseudopotentials (pair energy V ver- 
sus pair angular momentum L) of the /i-QEr interaction 
calculated in the system of N = 7 electrons and one va- 
lence hole (h) on Haldane sphere at the monopole strength 
25 = 3(N — 1) — 1 = 17. Different symbols correspond to 
different separations d between the electron and hole planes, 
(bed) The energy spectra (Coulomb energy E versus angular 
momentum L) of the same, seven-electron-one-hole system at 
25 = 17 at three different values of d. Black dots and grey di- 
amonds mark states with the total electron spin J = ijV = | 
(maximum polarization) and J=|iV— 1 = § (one reversed 
spin), respectively. Lines in (d) connect states containing one 
h-QE (J — |) or /i-QEr, (J = |) pair. The lowest-energy 
J = \ and | states in (c) are the fractionally charged exci- 
tons, /iQE and /iQEr, respectively. A is the magnetic length. 



As expected, the /iQEr ground state develops together 
with the spin-polarized hQE state at d larger than about 
A. The energy difference between /iQEr and hQE states 
at d/X — 1.5 is only about 0.007 e 2 /A, which is small 
compared to £qe — £qer- This is because hQE couples 
stronger than /iQEr to virtual QE-QH pair excitations 
of the underlying Laughlin state (QE-QEr repulsion at 
short range is stronger than QE-QE repulsion). At d 
much larger than A, the lowest energy states in Fig. ^(d) 
contain well defined h-QE or /i-QEr pairs with all possi- 
ble values of L. The coupling to the virtual QE-QH exci- 
tations is reduced, and the /i-QEr and h-QE bands are 
separated by about the single-particle gap £qe — £qer- 
To compare the optical properties of hQE and /iQEr, 
it is essential to notice that, because Iqek ^qe, also 
i/tQER = h - ^qer = N - 1 is different from l hQE = h - 
Iqe = N — 2. The orbital selection rule for radiative re- 
combination of bound FCX or FCXr, states results from 
the fact that an annihilated, optically active electron- 
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FIG. 6. The energy spectra (Coulomb energy E versus an- 
gular momentum L) of the system of iV = 7 electrons and one 
valence hole (h) on Haldane sphere at the monopole strength 
25 = 3{N - 1) - 2 = 16, at the separations d = 2A (a) and 4A 
(b) between the electron and hole planes. Black dots, grey di- 
amonds, and open circles mark states with the total electron 
spin J = |JV = | (maximum polarization), J = iiV — 1 = | 
(one reversed spin), and J — ^N — 2 = | (two reversed spins), 
respectively. The lowest-energy J = |, |, and | states in (a) 
are the fractionally charged excitons, /1QE2, /iQErQE, and 
/i(QEr)2, respectively. The lowest-energy band of J = | 
states marked with lines in (b) contains all possible states of 
two QEr's and one h. A is the magnetic length. 



hole pair carries no angular momentum.£3c30'L3 There- 
fore, the angular momenta of the initial (bound) state 
and a final state in the emission n rO j CG Ss must be equal. 
On the other hand, it is knownriP 5 ! that only those 
emission processes with minimum number of QP's in- 
volved can have significant spatial overlap with an initial 
(bound) state of small size, and thus significant intensity 
(oscillator strength t _1 ). Thus, hQE or hQEji must both 
recombine to leave two QH's in the final state (and no ad- 
ditional QE-QH or QEr-QH pairs). The allowed angu- 
lar momenta of two identical QH's [in the final, (N — l)e 
system] each with Zqh = \N are L2QH — N — 7\Lqh, 
where 7?.qh is an odd integer. The comparison of L2QH 
with ZhQE and Z/iqer makes it clear that, in contrast 
to the dark hQE, the /iQEr ground state is radiative. 
Since /iQEr is the simplest of all FCXr's and bright at 
the same time, its emission is expected to dominate the 
PL spectrum of a Laughlin fluid at v > |, in which 
free QEr's are present. The larger FCXr complexes, 
MQEr)2 an d hQERQE are also found in the numerical 
calculation at d > A (see Fig. ^), but being less strongly 
bound (due to larger QEr-QEr and QEr-QE repulsion 
at short range) they are not expected to form as eas- 
ily as hQEi2 does in a spin-polarized system. Moreover, 
/i(QEr)2 turns out dark, and the formation of /iQErQE 
requires the presence of both QE's and QEr's in the un- 
perturbed electron system, which further limits the con- 
tribution of these bound states to the PL spectrum. Let 
also add that since /iQEr emits by recombination of a va- 
lence hole with | of an electron with reversed spin (QEr 
in the initial state) and | of an electron with majority 
spin (two QH's in the final state), the emitted photon 
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should be only partially polarized. This is in contrast to 
a completely polarized emission of the bright FCX com- 
plexes, /iQE* and /1QE2. Therefore, the partially unpo- 
larized emission in the "weak-coupling" regime (d > A) 
could be an indication of the presence of QEr's in the 
electron fluid. 



IV. CONCLUSION 

Using exact numerical diagonalization, we have stud- 
ied the low-energy spin-flip excitations of a 2DEG in the 
FQH regime (at v = |), so-called reversed-spin quasielec- 
trons (QEr's). The pseudopotentials V(1Z) describing 
interaction of QEr's with one another and with other 
Laughlin QP's have been calculated. From the form 
of the QEr-QEr pseudopotential it is shown that the 
Haldane-hierarchy v = \ daughter state of QEr's formed 
in the parent v = \ Laughlin state of electrons is incom- 
pressible. This state corresponds to the total electron 
filling factor of v = and partial, 75% spin polariza- 
tion. Because the analogous v = | hierarchy state of 
QE's is known to be compressible, it is claimed that the 
experimentally observedc3 FQHE at v = -A confirms the 
formation of QEr's and their Laughlin correlations in a 
2DEG with low Zeeman splitting. Although the stabil- 
ity of mixed QE-QEr hierarchy states is expected to be 
highly sensitive to the Zeeman energy E% , it is predicted 
that an incompressible [1,1,2] state that corresponds to 
v = and 80% spin polarization might form at appro- 
priate Ez- The interaction of QEr's with a spatially sep- 
arated valence-band hole has also been studied. In anal- 
ogy to the so-called fractionally charged exciton (FCX) 
states hQ"E n , the spin- reversed complexes FCXr that in- 
volve one or more QEr's are predicted. Because QE and 
QEr have different angular momenta, the optical selec- 
tion rules for FCX and FCXr are different, and, for ex- 
ample, /iQEr turns out radiative in contrast to the dark 
/iQE, while /i(QEr)2 is dark in contrast to the bright 
/1QE2, Therefore, in addition to obvious difference in po- 
larization, the emission from FCX and FCXr states is 
expected to occur at a different energy and differently 
depend on temperature. 
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